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Overarching themes

. Overarching themes

The following three overarching themes have been fully integrated throughout the Pearson Edexcel
AS and A level Mathematics series, so they can be applied alongside your learning and practice.

1. Mathematical argument, language and proof

Rigorous and consistent approach throughout

Notation boxes explain key mathematical language and symbols

Dedicated sections on mathematical proof explain key principles and strategies
Opportunities to critique arguments and justify methods

2. Mathematical problem solving The Mathematical Problem-solving cycle
» Hundreds of problem-solving questions, fully integrated (7= specify the problem [\
into the main exercises
* Problem-solving boxes provide tips and strategies interpret results b
~ collect lniormation

Structured and unstructured questions to build confidence

Challenge boxes provide extra stretch \\,  processand &

represent information

3. Mathematical modelling

Finding your way around the book Access an online
digital edition using
the code at the

Complex numbers 1 front of the book.

Each chapter starts with - e e

Dedicated modelling sections in relevant topics provide plenty of practice where you need it

Examples and exercises include qualitative questions that allow you to interpret answers in the
context of the model

Dedicated chapter in Statistics & Mechanics Year 1/AS explains the principles of modelling in
mechanics
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Step-by-step worked
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Extra online content

. Extra online content

Whenever you see an Online box, it means that there is extra online content available to support you.

SolutionBank

SolutionBank provides a full worked solution for
every question in the book.

@ Full worked solutions are #
available in SolutionBank.

Download all the solutions as a PDF or
quickly find the solution you need online

o P g 17

e o B e e B g e

Use of technology

Explore topics in more detail, visualise @ Find the point of intersection O

problems and consolidate your understanding graphically using technology.
using pre-made GeoGebra activities.

GeaGebra

GeoGebra-powered interactives

Interact with the maths you are learning __—
using GeoGebra's easy-to-use tools

Access all the extra online content for free at:

www.pearsonschools.co.uk/cplmaths

You can also access the extra online content by scanning this QR code:

vi




Complex numbers

After completing this chapter you should be able to:

® Understand and use the definitions of imaginary and complex

numbers - page 2
Add and subtract complex numbers - pages 2-3
Multiply complex numbers - pages 5-6

Understand the definition of a complex conjugate - pages 6-8
Divide complex numbers -» pages 7-8
Solve quadratic equations that have complex roots - pages 8-10

Solve cubic or quartic equations that have complex roots
= pages 10-14

Prior knowledge check
Simplify each of the following:
a \;E b \-m C um

¢« Pure Year 1, Chapter 1

In each case, determine the number of
distinct real roots of the equation f(x) = 0.

a f(x) =3x2+8x+10

b f(x)=2x2-9x+7

c f(x)=4x?2+12x+9
¢« Pure Year 1, Chapter 2

Find the solutions of x2 —=8x+ 6 =0,

Complex numbers contain a real and an - giving your answers in the form a = b
imaginary part. Engineers and physicists ik where a and b are integers.

often describe quantities with two ¢ =g Yoae. 1/ Chaptece
components using a single complex : Write 7 — in the form p + ¢/3

number. This allows them to model 4=y

) e : where p and ¢ are rational numbers.
complicated situations such as air flow P 1
- ¢« Pure Year 1, Chapter 1
over a cyclist.




Chapter 1

m Imaginary and complex numbers

The quadratic equation ax? + bx + ¢ =0 has o o e
SEiRs gvenisy discriminant is 5% — 4ac.
_=bxVb*=4ac s If b2 — 4ac > 0, there are two distinct real roots.
v= 2a * If b2 — 4ac = 0, there are two equal real roots.

: . . 2
If the expression under the square root is negative, ~* f#%~4ac<0, thereare noreal roots.
there are no real solutions. £ REBIeard, Section £.5

You can find solutions to the equation in all cases by extending the number system to include v-1.
Since there is no real number that squares to produce —1, the number V=1 is called an imaginary
number, and is represented using the letter i. Sums of real and imaginary numbers, for example

3 + 2i, are known as complex numbers.

mj=y-1 M The set of all complex numbers is

= An imaginary number is a number of the written as C.

form bi, where b € R. For the complex number z = a + bi:
¢ Re(z) = ais the real part

= A complex number is written in the « Iimi(z) = it the infaginary part

form a + bi, where ¢, b € R.

Writgeach. of thes fallowing 1a teewms ofhd, You can use the rules of surds to manipulate

a V=36 b v-28 imaginary numbers.
a V=36 =36 x (-1) =V36V-1 = 6i
_ R - M An alternative way of writing (2v7)i
b V=28 =y28 x (-1) = \"_25 \’”1_ o is 2iv/7. Avoid writing 2V/7i as this can easily be
= V47 V-1 = (2V7)i confused with 2V7i.

In a complex number, the real part and the imaginary part cannot be combined to form a single term.

= Complex numbers can be added or subtracted by adding or subtracting their real parts and
adding or subtracting their imaginary parts.

= You can multiply a real number by a complex number by multiplying out the brackets in the
usual way.

Simplify each of the following, giving your answers in the form « + bi. where «, b € R.

a (2+51)+(7+31) b (2-51)-(5-11) c 2(5-8i) d 10;61
a (2+5)+(7+3i)=(2+7)+(5+3)i ————— Add the real parts and add the imaginary parts.
=9 + &i
b (2-5)=(5-1)=(2~=5)+ (-5 —~(-11))ie— Subtract the real parts and subtract the
=-3 + 6i imaginary parts.



Complex numbers

c 2(5-8)=(2x5)-(2x8)i=10 - 16i
10+6i _10
2 T2

Exercise @

Do not use your calculator in this exercise.

2(5 — 8i) can also be written as (5 — 8i) + (5 — 8i).

d

&, ,
= - — First separate into real and imaginary parts.

1 Write each of the following in the form hi where b is a real number.

a V-9 b V=49 ¢ V=121 d v=10000 e V=225

f /-5 g V-12 h V-45 i V=200 j V=147
2 Simplify, giving your answers in the form a + bi , where a. b € R.

a (5+2)+(8+91) b (4+ 101) + (1 - 8i)

¢ (7+6i) + (=3 = 5i) d 3+31)+(E+3)

e (20 + 12i) — (11 + 3i) f 2-1)—(-5+3i)

g (-4 - 6i)— (-8 — 8i) h 3V2 +i)— (V2 -i)

i (2-T)+(1L+)=-(1241) § (18+5)-(15-2)~ 3 +Ti)

3 Simplify, giving your answers in the form a + bi, where a, b € R.

a 2(7+2i) b 3(8 —4i)
c 23 +1)+3(2+1) d 5(4 +31) —4(-1 + 2i)
< 6—4i ¢ 15+ 25i
2 5
9+ 11i h—8+3i_?—2i
€73 4 :
@ 4 Write in the form a + b1, where @ and b are simplified surds.
" 4 ;21 b 2- 61
V2 I+v3
5 Given that z=7 - 6i and w = 7 + 6i, find, m Gomblen Rt BT ateoften

in the form @ + bi, where a, b € R: represented by the letter z or the letter w.

az-—-w b w+:z
@ 6 Giventhatz;=a+9i,z,=-3+biand z, —z, =7 + 2i, find ¢ and b where a, b € R. (2 marks)

® 7 Given that z; =4 +1and z; = 7 - 31, find, in the form «a + bi, where a, b € R:

@ 8 Giventhatz=a¢+ biand w=a - b1, a, b € R, show that:
a z +w is always real b z - wis always imaginary

You can use complex numbers to find solutions to any quadratic equation with real coefficients.

m If b2 — 4ac < 0 then the quadratic equation ax? + hx + ¢ = 0 has two distinct complex roots,
neither of which are real.



Chapter 1

Solve the equation z2 + 9 = 0.

Note that just as z% = 9 has two roots +3 and -3,
z2 = -9 also has two roots +3i and -3i.

+/9 x -1 = +/9 /-1 = +£3i

t
Il

de. M
{"-\
|
QD
]

Solve the equation z2 + 6z + 25 = 0.

| Method 1 (Completing the square)

224+ 6z=(@z+3P -9 Because (z+3)2=(z+3)(z+3) =22+ 62+9
224+ 6z+25=(z+3)F-2+25=(z+3F+16
(z+3P+16=0 ‘ -
(:‘1"3)2:—16 ’7 v/—16=\f16)((—1)=\¢/16!/—_=4i
2+ 3 =/-16 = 4
z=-3 4 You can use your calculator to find the complex
z==-3+4i, z=-3-4i roots of a quadratic equation like this one.
Method 2 (Quadratic formula)
-6 +V62 -4 x1x 25 g e e
z = > Usjng = b_*;#‘_
_ -6 = /-64
- 2
z="228_ 3+ 4 L 6k = /e 1) =/BR V=T =8
z==3+4i, z==-3 -4

Exercise @

Do not use your calculator in this exercise.

1 Solve each of the following equations. Write your answers in the form +hi.
a z2+121=0 b z2+40=0 ¢ 2z2+120=0
d 322+ 150=38-=z2 e z24+30=-322-66 f 622+1=222

2 Solve each of the following equations.
Write your answers in the form a * bi. GIUL® The left-hand side of each equation is
a(z=32-9=-16 in completed square form already. Use inverse

b 2z— 743026 operations to find the values of .

c l6z+1)2+11=2



Complex numbers

3 Solve each of the following equations. Write your answers in the form a * bi.
a2+2z2+5=0 b z2-22+10=0 c2+4z+429=0
d Z2+10z2+26=0 e 2+52+25=0 2+32+45=0

4 Solve each of the following equations. Write your answers in the form a * bi.
a 22+5:44=0 b 722-32+3=0 ¢ 522-z+3=0

5 The solutions to the quadratic equation z2 — 8z + 21 = 0 are z, and z,.
Find z, and z,, giving each in the form a + iVh.

6 The equation z° + bz + 11 =0, where b € R, has distinct non-real complex roots.

Find the range of possible values of 5. (3 marks)

@ Multiplying complex numbers

You can multiply complex numbers using the same technique that you use for multiplying brackets in

algebra. You can use the fact that i = v—1 to simplify powers of i.

m2=-1

Express each of the following in the form @ + bi, where ¢ and b are real numbers,
a (2+3i)4+51) b (7 - 4i)
P (2 + 3i)(4 + 5i) = 2(4 + 51) + 3i(4 + 5i) Multiply the two brackets as you would with real

=8 + 10i + 12i + 1512 nUmbETs.

=8 + 0+ =S ——— e et

= (& - 15) + (10i + 12i) T
==7+22i Add real parts and add imaginary parts.

b (7 — 42 = (7 — 4)(7 — 4)
= 7(7 — 4i) — 4i(7 — 4i)
=49 — 281 — 281 + 162
=42 - 20 =201—16 L Use the fact that i2= —1.

= (42 - 16) + (—286i — 28i) v——L
= 33 - 56i Add real parts and add imaginary parts.

Simplify: a i} b i ¢ (2i)

Multiply out the two brackets as you would with
real numbers.

2 PEig == iB=—=1
b fziixixi=Exif=CFNx=1)=1
c (2i)° = 2i x 21 % 21 % 2ix 2 @2iPP=22xP
l First work out 25 = 32.

=320 xiRigiD= 3207 % #x i)
=32 x (-1) x{=1) xi=32i



Chapter 1

Exercise @

Do not use your calculator in this exercise.

1 Simplify each of the following, giving your answers in the form a + bi.

a (5+1)(3 +4i) b (6 + 3i)(7 + 2i) ¢ (5= 2i)1 + 5i)

d (13 - 3i)(2 - 8i) e (=3 —i)d+7i) f (8 + 5i)?

g (2-91) h (1+D)2+1)G+1) m For part h, begin by multiplying the
i B-2)(5+1)(4-2i) j (2+3%) first pair of brackets.

® 2 a Simplify (4 + 5i)(4 — 51), giving your answer in the form a + bi.
b Simplify (7 — 2i)(7 + 2i), giving your answer in the form a + bi.
¢ Comment on your answers to parts a and b.
d Prove that (« + bi)(a — bi) is a real number for any real numbers ¢ and b.
® 3 Given that (a + 3i)(1 + bi) = 25 — 391, find two possible pairs of values for « and b.
4 Write each of the following in its simplest form.
a i b (3i)* c P+i d (4i)° —4¢°

5 Express (1 +1)¢ in the form « — bi, where ¢ and b are integers to be found.

® 6 Find the value of the real part of (3 — 2i)*. Problem-solving

f(z)=2z2-z+8 You can use the binomial theorem to
Find: a f(2i) b f(3 - 6i) expand (« + b)". « Pure Year 1, Section 8.3
8 f(z)=z2-2-+17
Show that z =1 — 4i is a solution to f(z) = 0. (2 marks)
9 a Given thati' =iand i?= -1, write i* and i* in their simplest forms.

b Write i, 1°, i and i® in their simplest forms.
¢ Write down the value of:

i | ST i 1°Y!
Challenge :
. The principal square root of
a Expand (¢ + bi)% a complex number, vz, has a positive real
b Hence, or otherwise, find v40 — 42i, giving your answer in part.

the form a — bi, where a and b are positive integers.

m Complex conjugation

= For any complex number z = a + bi, the Together 2and 2% ats called
complex conjugate of the number is a complex conjugate pair

defined as z* = a - bi.

Given thatz =2 - 7,
a write down z* b find the value of z + z* ¢ find the value of zz*

6



Complex numbers

(a 2*=2 47 Change the sign of the imaginary part from — to +.
z+z*¥=(2-T70)+ (2 + 71
=2+2)+(-7+7)i=4 @ Notice that z + z* is real.
c zz*=(2 =702 +7i)
=22 4 Tik - Ti2 + T I— Remember i = —1.
=4 + 14i — 14i — 439§

=4 +49 =053 @ Notice that zz* is real.

For any complex number z, the product of z and
z*is a real number. You can use this property

o d“"de_ two complexnumbers,; To do this, numbers is similar to the method used to

you multiply both the numerator and the rationalise a denominator when simplifying surds.
denominator by the complex conjugate of the & Pure Vesr 1, Section 1.6
denominator and then simplify the result.

.

. 5+4
Write -3

The method used to divide complex

in the form a + hi.

The complex conjugate of the denominator is
2 + 31. Multiply both the numerator and the
denominator by the complex conjugate.

S+4i_S+4i 2+3i
2-3i 2-31" 243
_ (5 + 42 + 3i)

f2—3iJ52+351-——‘_ .. l _ T l ;
(5 + 4)(2 + 30) = 5(2 + 3i) + 4i(2 + 3i) zz¥is real, so (2 — 3i)(2 + 3i) will be a real number.

=10 + 15i + 8i + 12i2

==2 +23i You can enter complex numbers directly into your
(2 — 32 + 3i) = 2(2 + 3i) = 3i(2 + 31) calculator to multipy or divide them quickly.

=4 +Gi—-6i—-22=13

2 t ;}: === 1+323] = -% + ?—g)i ~——— Divide each term in the numerator by 13.

Do not use your calculator in this exercise.

1 Write down the complex conjugate z* for:

a z=8+2i b z=6-5i ¢ z=5-3i d z=V5+i/10
2 Find z + z* and zz* for:
a z=6-3i b z=10+5i ¢ z=345i d z=V5-3i/3
3 Write each of the following in the form a + bi.
a3—5i h3+5i c28—3i d 2+i
1+3i 6 — 8i 1-i 1 +4i
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Write " : in the form x + iy where x, y € R.
Given that z; =1 +1, z,=2 + i and z3 = 3 + i, write each of the following in the form « + bi.
a le’g b ({2)2 . 2:] j' 523
3 41 £9
5 5+2i : : ;
Given that =—=—=2 -1, find z in the form a + hi. (2 marks)

Simplify 61 ':_8;] - 61 +_811 giving your answer in the form a + bi.

W=

8- l\j
Express w in the form a + biv2, where a and b are rational numbers.
w=1-9i

1 : . :
Express ; in the form a + bi, where a and b are rational numbers.

z=4-1i/2
Use algebra to express

o

== i in the form p + ¢iv2, where p and ¢ are rational numbers,

The complex number z satisfies the equation (4 + 2i)(z — 2i) = 6 — 4i.
Find z, giving your answer in the form « + bi where ¢ and b are rational numbers. (4 marks)

The complex numbers z; and z, are given by z; = p — 7i and z, = 2 + 51 where p is an integer.

N . . . .
Find = in the form a + bi where @ and b are rational, and are given in terms of p. (4 marks)

z =45 + 4i. z* is the complex conjugate of z.

Show that % = a + bi/'5, where @ and b are rational numbers to be found. (4 marks)
1
The complex number z is defined by z = LPER, p>0.
g | P 2
Given that the real part of z is 5,
a find the value of p (4 marks)
b write z in the form « + bi, where ¢ and b are real. (1 mark)

m Roots of quadratic equations

= For real numbers a, b and ¢, if the roots of the quadratic equation az? + bz + ¢ = 0 are

non-real complex numbers, then they occur as a conjugate pair.

Another way of stating this is that for a real-valued quadratic function f(z), if z, is a root of f(z) =0
then z,* is also a root. You can use this fact to find one root if you know the other, or to find the
original equation.

= If the roots of a quadratic equation are

« and (3, then you can write the equation m Roots of complex-valued polynomials
as(z-a)(z-P3)=0 are often written using Greek letters such as

« (alpha), 3 (beta) and ~+ (gamma).

orz2-(a+B)z+aB=0



Complex numbers

Given that a = 7 + 21 is one of the roots of a quadratic equation with real coefficients,

a state the value of the other root, 3
b find the quadratic equation
¢ find the values of « + 3 and a/3 and interpret the results.

a B=7 =& Q ar_1d 7 will Eflways be a complex
conjugate pair.
b (z—a)z-p0)= BEECH
@@= {7+ Zupz—={F =2l = The quadratic equation with roots a and
22 =2(7 =20 —-27 +2)+ (7 + 2I)(7 = 2i) = Bis(z=a)z-B) =0

32—7:+2i:—7:——21_+49—14|+'14|-—4IL=
=142+ 49 +4 =077 Collect like terms. Use the fact that
- 14z+53=0 i2=-1.

c a+B3=(7+2)+ (7 - 2)

=7+7)+ 2+ (-2)i=14 Problem-solving

The coefficient of z in the above equation is —(a + 3). For = = a + bi, you should learn the results:
aff = (7 + 27 — 2i)) = 49 - 14i + 14i — 4i® it
2 - o
=49 +4=53 ¥ gt + B2
The constant term in the above equation is of. :
You can use these to find the quadratic
equation quickly.

1 The roots of the quadratic equation z* + 2z + 26 = 0 are v and /3.
Find: a aandp b a+/ c aj

2 The roots of the quadratic equation z2? — 8z + 25 =0 are e and j3.
Find: a aandg b a+3 c afj

@ 3 Given that 2 + 3i is one of the roots of a quadratic equation with real coefficients,
a write down the other root of the equation (1 mark)

b find the quadratic equation, giving your answer in the form 2> + bz + ¢ =0
where b and ¢ are real constants. (3 marks)

@ 4 Given that 5 —iis a root of the equation z° + pz + ¢ = 0, where p and ¢ are real constants,

a write down the other root of the equation (1 mark)

b find the value of p and the value of g¢. (3 marks)
(E/P) 5 Given that z; = -5 + 4i is one of the roots of the quadratic equation

z2+ bz + ¢ =0, where b and ¢ are real constants, find the values of b and c. (4 marks)

(E/P) 6 Given that | + 2iis one of the roots of a quadratic equation with real coefficients,
find the equation giving your answer in the form z2 + bz + ¢ = 0 where » and ¢
are integers to be found. (4 marks)

9
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7 Given that 3 — 5iis one of the roots of a quadratic equation with real coefficients,
find the equation giving your answer in the form z> + bz + ¢ = 0 where b and ¢

are real constants. (4 marks)
5
82235
a Find z in the form « + bi, where a and b are real constants. (1 mark)

Given that z is a complex root of the quadratic equation x? + px + ¢ = 0, where p and ¢
are real integers,

b find the value of p and the value of 4. (4 marks)

9 Given that z = 5 + ¢i is a root of the equation z? — 4pz + 34 = 0, where p and ¢ are positive
real constants, find the value of p and the value of 4. (4 marks)

@ Solving cubic and quartic equations

You can generalise the rule for the roots of quadratic equations to any polynomial with real coefficients.

= If f(z) is a polynomial with real
coefficients, and z, is a root of f(z) = 0, m If z, is real, then z,;* = z,.
then z,* is also a root of f(z) = 0.

You can use this property to find roots of cubic and quartic equations with real coefficients.
= An equation of the form az? + bz2 + ¢z + d = 0 is called a cubic equation, and has three roots.

= For a cubic equation with real coefficients, either: m A real-valued cubic

- all three roots are real, or equation might have two, or three,
« one root is real and the other two roots form a repeated real roots.

complex conjugate pair.

Given that —1 is a root of the equation 23 — 22 + 3z + k =0,
a find the value of & b find the other two roots of the equation.

a If =115 a root,

(=123 = (=12 +3-N+k=0

-1-1-3+k=0
k=5
b —11is a root of the equation,soz + 1is a Problem-solving
factor of 22 = 22 + 3z + 5.
2z Py — Use the factor theorem to help: if f(a) = 0, then
2412 -22+ 32+ 5 a is a root of the polynomial and z — a is a factor
723 4 72 of the polynomial.
- 222 + 3z
—22° = 22 L Use long division (or inspection) to find the
32 +5 quadratic factor.
52+ 5
- -

10




Complex numbers

2224 32+5=0+1)Nz2-22+5)=0 The other two roots are found by solving the

Solving 22 — 2z + 5 = O, quadratic equation.

:2—2::(:“"1}2-1
22=2245=(z=-1PF-14+5=02-1+4 ¢ —
=12 +4=0

Solve by completing the square. Alternatively, you
could use the quadratic formula.

(z—1)2=-4
— _ The quadratic equation has complex roots, which
z—1=2y—-4 = £2] = :
must be a conjugate pair.

z=1'% 2|

z=142i,z=1=2i
So the other two roots of the equation are You could write the equation as
|1+ 2iand 1 - 2i C+1)E-1+2))E-(1-2))=0

= An equation of the form az* + bz* + ¢z? + dz + ¢ = 0 is called a quartic equation, and has four
roots.

= For a quartic equation with real coefficients, either: m Arealivaliad
+ all four roots are real, or quartic equation might have
» two roots are real and the other two roots form a repeated real roots or repeated
complex conjugate pair, or complex roots.

» two roots form a complex conjugate pair and the
other two roots also form a complex conjugate pair.

Given that 3 +1is a root of the quartic equation 2z% — 323 — 3922 + 120z — 50 = 0, solve the
equation completely.

Another root is 3 — . Corr]plex root_s Sl
conjugate pairs.

So(z—=(3 + )z—-(3—1i)is a factor
of 2z% — 322 = 3927 + 120z - 50 If v and 3 are roots of f(z) =0,
E-B+Mz-B-))=22-2383-)-28+)+@B+i)3 -1 then (z — «)(z — 3) is a factor

=z2 -6z + 10 of f(2).

.

S0 22 — 6z + 10 is a factor of 224 — 323 — 3922 4 120z — 50.

(22 — Gz + 10)(az? + bz + ¢) = 224 — 323 = 3922 + 120z - 50 You R WorK ik ot QUICIyby

noting that
Consider 2z4: (z— (a+ bi))(z— (a— bi)
The only z* term in the expansion is 22 x az?, so a = 2. =z-2az+a*+ ?

(22 — Gz + 10222 + bz + ¢) = 224 — 323 — 3922 + 120z - 50
Problem-solving
Consider —3z3:

The z3 terms in the expansion are z2 x bz and -6z x 222, Itis possible to factorise a

50 bz3 — 1223 = —373 polynomial without using a
b—12 =-3 formal algebraic method. Here,
K@ the polynomial is factorised by
50 (22 — 6z + 10)(222 + 9z + ¢) = 224 — 323 — 3922 4 120z — 50 ‘inspection’. By considering each

term of the quartic separately,
it is possible to work out the
missing coefficients.

11
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”Conﬁider -50:
The only constant term in the expansion is 10 x ¢, so ¢ = =5.
224 =323 -3922+120z=-50=(z22 - 6z + 10)(2z2 + 9z - 5)

Solving 2z + 9z - 5 = O«
(2z-1z+5)=0
z==5H

Mo | ==

by

So the roots of 2z% = 322 = 3922 + 1202 = 50 = 0 are
% =5,3+iand 3 -

Show that z2 + 4 is a factor of z4 — 223 + 2122 — 82 + 68.

Hence solve the equation z* — 223 + 2122 — 8z + 68 = 0.

| Using long division:

2 =2z+17
22+ 4)z4 =223+ 2122 - Bz + 6B
z4 + 4z°
—22% + 1722 - &2
-2z3 - 8z
173? + 65
- + &5

0
S0 -2+ 2122 -82+ 6B =(22+4)z2-2z2+17)=0
Either 22+ 4 =0Qorz2=-2z+17 =0
Solving z2 + 4 = O:
2 =-4
=22
Solving z2 — 2z + 17 = O:
(z-12+16=0

You can check this by
considering the z and z? terms
in the expansion.

Alternatively, the quartic can be
factorised by inspection:

z4—-22°+ 2122 - 8-+ 68
=22+ 4)laz? + bz + ¢

a =1, as the leading coefficient
is 1.

The only 2 term is formed by
z2x bzsob=-2.

The constant term is formed by
4 x¢,50 4c=68, and ¢ =17.

Solve by completing the square.

(z—-12=-16
z—1==24i
z=1%4i
So the roots of z4 — 223 + 2122 - 8z + 68 = 0 are
2i, =21+ 4iand 1 - 4i

12

Alternatively, you could use the
quadratic formula.

m You could use your

calculator to solve

z%2 — 2z + 17 = 0. However, you
should still write down the
equation you are solving, and
both roots.
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Exercise @

f(z)=2z-622+21z-26
a Show that f(2) = 0.
b Hence solve f(z) = 0 completely.

f(z)=222+522+92-6
a Show that f(%) =0.

b Hence write f(z) in the form (2z — 1)(z2 + bz + ¢), where b and ¢ are real constants
to be found.

¢ Use algebra to solve f(z) = 0 completely.

gz)=2z-4z2-5z-3

Given that z = 3 is a root of the equation g(z) = 0, solve g(z) = 0 completely.

p(z) =z +4z> - 15z - 68

Given that z = -4 + i is a solution to the equation p(z) =0,
a show that z° + 8z + 17 is a factor of p(z).

b Hence solve p(z) = 0 completely.

f(z2)=z3+9z2+ 332+ 25

Given that f(z) = (z + 1)(z2 + az + b), where a and b are real constants,
a find the value of @ and the value of b

b find the three roots of f(z) =0

¢ find the sum of the three roots of f(z) = 0.

g(z)=z3- 1222+ cz+d =0, where ¢, d € R.

Given that 6 and 3 + 1 are roots of the equation g(z) = 0,

a write down the other complex root of the equation

b find the value of ¢ and the value of d.

h(z)=2z3+322+3z+1

Given that 2z + 1 is a factor of h(z), find the three roots of h(z) = 0.
f(z)=23-622+28z+k

Given that f(2) = 0,

a find the value of &

b find the other two roots of the equation.
Find the four roots of the equation z* - 16 = 0.

f(z)=z4=12z3 + 3122 + 108z - 360

a Write f(z) in the form (z2 — 9)(z% + bz + ¢), where b and c are real constants
to be found.

b Hence find all the solutions to f(z) = 0.

Complex numbers

(1 mark)
(3 marks)

(1 mark)

(2 marks)
(2 marks)

(4 marks)

(2 marks)
(2 marks)

(2 marks)
(4 marks)
(1 mark)

(1 mark)
(4 marks)

(4 marks)

(1 mark)
(4 marks)

(2 marks)
(3 marks)

13
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® 11 g(z)=z%+2z3- 22+ 38z + 130
Given that g(2 + 3i) = 0, find all the roots of g(z) =0.
12 f(z) =z*- 10z + 71z% + Qz + 442, where Q is a real constant.
Given that z = 2 — 3i is a root of the equation f(z) = 0,
a show that z2 — 6z + 34 is a factor of f(2)
b find the value of Q

¢ solve completely the equation f(z) = 0.

Challenge

Three of the roots of the equation z° + bz* + ¢z’ + dz* + ez + =0,
where b, ¢, d, e, f€ R, are -2, 2i and 1 + i. Find the values of b, ¢, d, e
and f.

Mixed exercise o

1 Given that z; =8 — 3i and z; = =2 + 4i. find, in the form a + bi, where a, b € R:

a :]+22
b 322
[ 62]_22

2 The equation z2 + bz + 14 = 0, where » € R has no real roots.
Find the range of possible values of 5.

3 The solutions to the quadratic equation z2 — 6z + 12 =0 are z, and z,.

Find z, and z,, giving each answer in the form « + iVb.
(E/P) 4 By using the binomial expansion, or otherwise, show that (1 + 2i)* = 41 — 38i.

@ 5 f(z)=z2-62+10

Show that z = 3 + 1is a solution to f(z) = 0.

Express, in the form @ + bi, where a, b € R:

a z] b z,2 ¢

sl

22

e iu% in the form x + iy where x, y € R.

(
7 Write

8 Given that = = 3 +1, find z in the form « + bi, where a, b € R.

1
? TT2 44

Express in the form a + bi, where a, b € R:

a -2 b:—%

14

(4 marks)
(1 mark)
(2 marks)

(3 marks)

(3 marks)

(2 marks)

(2 marks)
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Given that z = a + bi, show that = = ( ]'2 N b’) ¥ (
z [4 i

3+qi

2ab )i
a?+ b2

where ¢ € R.

The complex number z is defined by z = =5

Given that the real part of z is 1—13,
a find the possible values of ¢

b write the possible values of z in the form a + bi, where a and b are real constants.

Complex numbers

(4 marks)

(4 marks)
(1 mark)

Given that z = x + iy, find the value of x and the value of y such that z + 4iz" = -3 + 18i

where z* is the complex conjugate of z.

z=9+61,w=2-3i
Express ; in the form « + bi, where a and b are real constants.
g+ 3i

4 + gi

The complex number z is given by z = where ¢ 1s an integer.

Express z in the form a + b1 where a and b are rational and are given in terms of ¢.

Given that 6 — 2i is one of the roots of a quadratic equation with real coefficients,

a write down the other root of the equation

b find the quadratic equation, giving your answer in the form 22+ bz +¢=0
where b and ¢ are real constants.

Given that z = 4 — ki is a root of the equation z2 — 2mz + 52 = 0, where k and m
are positive real constants, find the value of k& and the value of m.
h(z)=z3-11z+20

Given that 2 + i is a root of the equation h(z) = 0, solve h(z) = 0 completely.
f(z)=z3+62+20

Given that f(1 + 3i) = 0, solve f(z) = 0 completely.
f(z)=23+3z22+kz+48, keR

Given that f(4i) = 0,

a find the value of k

b find the other two roots of the equation.

f(z)=2z4-2z3-16z2-T74z- 60

a Write f(z) in the form (z2 — 5z — 6)(z2 + bz + ¢), where b and ¢ are real constants
to be found.

b Hence find all the solutions to f(z) = 0.

g(z) = 24 — 623 + 1922 — 362 + 78

Given that g(3 — 2i) = 0, find all the roots of g(z) = 0.
f(z)=z4-22" =522+ pz+ 24

Given that f(4) = 0,

a find the value of p

b solve completely the equation f(z) = 0.

(5 marks)

(4 marks)

(1 mark)

(2 marks)

(4 marks)

(4 marks)

(4 marks)

(2 marks)
(3 marks)

(2 marks)
(3 marks)

(4 marks)

(1 mark)
(5 marks)
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Challenge

a Explain why a cubic equation with real coefficients cannot have a

repeated non-real root.

b By means of an example, show that a quartic equation with real

coefficients can have a repeated non-real root.

Summary of key points

1

2

3

10

11

12

16

i=/-1landi2=-1
An imaginary number is a number of the form bi, where b € R.
A complex number is written in the form a + bi, where ¢, b € R.

Complex numbers can be added or subtracted by adding or subtracting their real parts and
adding or subtracting their imaginary parts.

You can multiply a real number by a complex number by multiplying out the brackets in the
usual way.

If b2 — 4ac < 0 then the quadratic equation ax? + bx + ¢ = 0 has two distinct complex roots,
neither of which is real.

For any complex number z = a + bi, the complex conjugate of the number is defined as
z*=a-—bi.

For real numbers g, b and ¢, if the roots of the quadratic equation az? + bz + ¢ = 0 are non-real
complex numbers, then they occur as a conjugate pair.

If the roots of a quadratic equation are e and (3, then you can write the equation as
(z—a)z-P)=00rz?— (@+ PFz+aB=0.

If f(z) is a polynomial with real coefficients, and z, is a root of f(z) = 0, then z,* is also a root of
f(z) = 0.

An equation of the form az* + bz? + ¢z + d = 0 is called a cubic equation, and has three roots.
For a cubic equation with real coefficients, either:

« all three roots are real, or

+ one root is real and the other two roots form a complex conjugate pair.

An equation of the form az* + bz> + ¢z + dz + e = 0 is called a quartic equation, and has four
roots.

For a quartic equation with real coefficients, either:

« all four roots are real, or

* two roots are real and the other two roots form a complex conjugate pair, or

» two roots form a complex conjugate pair and the other two roots also form a complex
conjugate pair.



Argand diagrams

After completing this chapter you should be able to:

® Show complex numbers on an Argand diagram
- pages 18-19
® Find the modulus and argument of a complex number
- pages 20-23
® Write a complex number in modulus-argument form
- pages 23-28
Represent loci on an Argand diagram -» pages 28-36
Represent regions on an Argand diagram -» pages 36-38

Prior knowledge check

1 Write down an equation of a circle with
centre (=3, 6) and radius 5.
€ Pure Year 1, Chapter 6

2 Givenz;=6+3iandz,=3 -1, find in the
form a + bi:

" Zy ,
a o b z;zz2 € —  «Section1.2
Z;

For the triangle shown, find the values of: 24
ax b ¢

12cm X
' Complex numbers can be used to model

electromagnetic waves. Rosalind Franklin
helped discover DNA by using complex
4 Find the solutions of the quadratic  numbers to analyse the diffraction patterns of

equation z2 — 8z + 24 =0. « Section 1.4 X-rays passing through crystals of DNA.
A < V="

+ GCSE Mathematics




Chapter 2

@ Argand diagrams

= You can represent complex numbers on an Argand diagram. The x-axis Im 4

on an Argand diagram is called the real axis and the y-axis is called the Yk ongs =t iy
imaginary axis. The complex number 7 = x + iy is represented on the ' ;

diagram by the point P(x, y), where x and y are Cartesian coordinates. 0 = b

Show the complex numbers z;

=—4+1,z,=2+31and z; =2 — 3i on an Argand diagram.

Im

::-=._—4:+'|:

h

:EL, =..2 +H ’.JJI'-—

S
£

The real part of each number describes its
horizontal position, and the imaginary part
describes its vertical position. For example,

z; = -4 + i has real part -4 and imaginary part 1.

Note that z, and z; are complex conjugates. On
an Argand diagram, complex conjugate pairs are
symmetrical about the real axis. & Section 1.3

Complex numbers can also be represented as vectors on the Argand diagram.

m The complex number 7 = x + iy can be represented as the vector (;) on an Argand diagram.

You can add or subtract complex numbers on an Argand diagram by adding or subtracting their
corresponding vectors.

zy=4+1and z, =3 + 3i. Show z, z, and z, + z, on an Argand diagram.

zZi+z2=4+3)+(1+3)i=7 +4i

[m.ﬂ

The vector representing z; + z; is the diagonal of
the parallelogram with vertices at O, z; and z,.
You can use vector addition to find z; + z;:

(1) ()= (2

zy =2+ Siand z, =4 + 2i. Show zy, z; and z; — z; on an Argand diagram.

18
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The vector corresponding to z, is (g) so the

vector corresponding to —z; is (-3)

The vector representing z; — z; is the diagonal of
the parallelogram with vertices at O, z; and —z,.

m Explore adding and subtracting O

complex numbers on an Argand diagram
using GeoGebra.

1 Show these numbers on an Argand diagram.

a 7+2i b 5-4i c —6-1i d -2+ 5i
e 3i f VZ+2 g —3+3i h —4
2 z,=11+2iand z, = 2 + 4i. Show z,, z, and z, + z; on an Argand diagram.
3z;=-3+6iand z, =8 —i. Show z,, z; and z, + z, on an Argand diagram.
4 z; =8 +4iand z, =6 + 7i. Show z,, z; and z, — z, on an Argand diagram.
5 z,=-6-5iand z, = -4 + 4i. Show z|, z; and z; — z; on an Argand diagram.

@ 6z=7-5i,z=a+biand z;=-3 + 2i where ¢, b € Z. Given that z; = z; + z,,
a find the values of ¢ and b b show z,, z; and z; on an Argand diagram.
(P) 7z=p+4qiz=9-S5iand z;= -8 + 5i where p, ¢ € Z. Given that zy = z, + 2,

a find the values of p and ¢ b show zy, z; and z; on an Argand diagram.

® 8 The solutions to the quadratic equation z2 — 6z + 10 = 0 are z, and z,.
a Find z; and z,, giving your answers in the form p + ¢i, where p and ¢ are integers. (3 marks)

b Show, on an Argand diagram, the points representing the complex numbers z; and z,. (2 marks)

9 f(z) = 22° — 1922 + 64z — 60

a Show that f(3) = 0. (1 mark)
b Use algebra to solve f(z) = 0 completely. (4 marks)
¢ Show all three solutions on an Argand diagram. (2 marks)
Challenge @ There will be 6 distinct roots in total.
a Find all the solutions to the equation z6 = 1. Write 2°=1 as (z° - 1)(z* + 1) = 0, then find three
b Show each solution on an Argand diagram_ distinct roots Df 23 —-1=0 and t.hree distinct
¢ Show that each solution lies on a circle with roots of 22 +1=0.

centre (0, 0) and radius 1.
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Chapter 2

@ Modulus and argument

The modulus or absolute value of a complex number is the magnitude of its corresponding vector.

s The modulus of a complex number, |z|,
is the distance from the origin to that
number on an Argand diagram. For a

complex number z = x + iy, the modulus is

given by |z] = /x2% + y2.

w The modulus of the complex number

ziswritten asr, |z| or |x + iy].

The argument of a complex number is the angle its corresponding vector makes with the positive

real axis.

m The argument of a complex number, arg z,
is the angle between the positive real axis

and the line joining that number to the

origin on an Argand diagram, measured in
an anticlockwise direction. For a complex

number 7 = x + iy, the argument, 6,
satisfiestan 0 = ‘;

™=

Im.h

The argument of the complex

number z is written as arg z. It is usually given in
radians, where

* 27 radians = 360°

* 7 radians = 180° « Pure Year 2, Section 5.1

5=t Iy Im The argument @ of any complex number is usually
: ‘. given in the range —w < § = m. This is sometimes
z : 4 w W' = 0 referred to as the principal argument.
T e
argz ’_é 2,
o] =X Re =
Example o
z=2+T7i, find;
a  the modulus of z b the argument of z, giving your answer in radians to 2 decimal places.
a |mg z=2+7i
: Sketch the Argand diagram, showing
17 the position of the number.
(4 ¢ I_E .
ol 2 Re
Modulus: |z| = |2 + 7i| =v22 + 77
=
b Argument: tanct:% a=12924... radians
arg z = 1.29 radians (2 d.p)

20



If z does not lie in the first quadrant, you can use the Argand
diagram to help you find its argument.

m Let o be the positive acute angle made with the real axis

by the line joining the origin and z.

 If 7 lies in the first quadrant thenarg 7 = ..
» If z lies in the second quadrant thenarg z=7 - .

Argand diagrams

Imn

argz=m-—a argz=a

» If z lies in the third quadrant then arg z = — (7 - ). argz =—(r-a) argz =—a

» If z lies in the fourth quadrant then arg z = —a.

z=-4 -1, find:
a the modulus of =z b the argument of z, giving your answer in radians to 2 decimal places.
a [m A
- " Sketch the Argand diagram, showing the position
| =<0 J Re of the number.
2= —j
Modulus: |z| = |4 —i| = V(=4)2 + (-1)2
=17
b Argument: tam.t=4i a=0.2449... radians

arg z = —(m — 0.2449)

Here z is in the third quadrant, so the required

= =2.90 radians (2 d.p)

1 For each of the following complex numbers,

argument is —(7 — a).

i find the modulus, writing your answer in surd form if @ Ihvarce the
necessaty complex number is in the
ii find the argument, writing your answer in radians to second quadrant, so the
2 decimal places. argument will be 7 — e
a z=12+5i b z=V3 +i ¢ z=-3+6i In part d, the complex
: : : number is in the fourth
= __21 _ € ZR==T b ameskll quadrant, so the argument
g z=2v3-1/3 h z=-8-15i will be —a.
2 For each of the following complex numbers,
i find the modulus, writing your answer in surd form
ii find the argument, writing your answer in terms of .
a 2+2i b 5+51 ¢ —6+61 d —a-a,aeR
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Chapter 2

z=-40-9i
a Show z on an Argand diagram. (1 mark)
b Calculate argz, giving your answer in radians to 2 decimal places. (2 marks)
2= 344i
a Show that 22 = -7 + 24i. (2 marks)
Find, showing your working:
b |22 (2 marks)
¢ arg (z?), giving your answer in radians to 2 decimal places. (2 marks)
d Show z and z* on an Argand diagram. (1 mark)
The complex numbers z; and z, are given by z; =4 + 61 and z, = 1 +1.
Find, showing your working:
a ;—l in the form a + bi, where « and b are real (3 marks)
b ;—il (2 marks)
¢ arg ;—j, giving your answer in radians to 2 decimal places. (2 marks)
The complex numbers z; and z, are such that z; = 3 + 2pi and ;—1 = |1 — 1 where p is a real constant.
a Find z, in the form « + bi, giving the real numbers ¢ and b in terms of p. (3 marks)
Given that arg z, =tan™! 5,
b find the value of p (2 marks)
¢ find the value of |z, (2 marks)
d show z|, z; and ;—: on a single Argand diagram. (2 marks)
26
=3 g find:
a zin the form a +1b wherea, b e R (2 marks)
b z2in the form a + ih wherea. b € R (2 marks)
¢ |z (2 marks)
d arg (z?), giving your answer in radians to 2 decimal places. (2 marks)
21=4+21,2,=2+4,z:=a+ biwherea, b e R.
a Find the exact value of |z, + z,|. (2 marks)
z,z
Given that w = ;2 3,
b find w in terms of @ and b, giving your answer in the form x + iy, x, y € R. (4 marks)
Given also that w = % — 2—521 find:
¢ the values of @ and b (3 marks)
d argw, giving your answer in radians to 2 decimal places. (2 marks)



Argand diagrams

9 The complex number w is given by w = 6 + 3i. Find:

a |w| (1 mark)
b argw, giving your answer in radians to 2 decimal places. (2 marks)
Given that arg(d + 51 + w) = % where 4 is a real constant,

¢ find the value of 4. (2 marks)

(® 10 z=-1-i/3, find:

a |z| (1 mark)
b |~ (4 marks)
¢ argz, arg (z*) and arg";;, giving your answers in terms of 7. (3 marks)

11 The complex numbers w and z are given by w = k + 1 and =z = —4 + 5ki, where k is a real

constant. Given that arg(w + z) = 2—; find the exact value of k. (6 marks)
12 The complex numbers w and z are defined such that argw = % |w|=5and argz = 2%
Given that arg(w + 2)= - ﬁnd the value of |z|. (4 marks)

@ Modulus-argument form of complex numbers

You can write any complex number in terms of its modulus and argument.

m For a complex number 7 with |z| = r and arg z = 0, the modulus-argument form of z is
z=r(cosO +isin6)

Imy T=x+iy From the right-angled triangle, x = rcos# and y = rsinf.
z=x+iy=rcosf+irsinf = r(cosf +isinf)
r !
| ) This formula works for a complex number in any quadrant of the Argand diagram.
[’ f . The argument, 6, is usually given in the range —7 < # =< m, although the formula
0 X Re  works for any value of # measured anticlockwise from the positive real axis.
Example o
Express z = —/3 + i in the form r(cos# + isin ), where -7 < 0 < .
g Sketch the Argand diagram, showing the position
z= 24308 4 of the number.
; : " Here zis in the second quadrant, so the required
! arg z —
—i TS \ R argumentis
J3 0 Re
r=\{(-/32 + 2 =y4 =
g ; _ S — Find r and 6.
=drgZ=m—arctan|—| =mT — —
d ( ) e 6
Therefore, z = 2(cos~— + isin %) Apply z =r(cosf + isind).
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Express z = —1 —1in the form r(cosf + isinf), where -7 < § < 7.

Sketch the Argand diagram, showing the position

Im 4
: O‘ of the number.
T a —) R; Here z is in the third quadrant, so the required
" arg = argument is — (7 — ).

z==1-
r= =12+ (<12 =2 T i

o 1\ _ T _ 3m — Find rand 6.
H:ar@__—?r+arctan(?)-~?r+g-—? —
Therefore, z = v@(coe,(— 3;] + '|5'|n(- %)) Apply z = r(cosé + isin@).

Exercise @

1 Express the following in the form r(cos@ + i sin ), where -7 << # = 7. Give the exact values of r
and @ where possible, or values to 2 decimal places otherwise.

a 2+2i b 3i ¢ -3+4i d 1-V3i
e —2-51 f -20 g 7-24 h -5+51

2 Express these in the form r(cos# + i sinf), giving exact values of r and @ where possible, or values
to two decimal places otherwise.

n 3 b 1 : 1 +1
L+i/3 20 -
3 Express the following in the form x + iy, where x, y € R.
a 5(cos£+isin£) b l(cv::-s.£+ isinz) c 6(cosﬁ+ isinﬂ)
2 2 2 6 6 6 6
2m) L in( 2T B (cos(=E) +isin (=% N 7_‘-'r--7_?f)
d 3((:05(— 3 )+1sm(— 3 )) e 2v2(cos( 4) +1sm( 4)) f 4((:05 6 + 1sin 5
1 VN 9., 4 L U8 :
@ 4 a Express the complex number z = 4| cos| =~ | + i sin| =~ | in the form x + 1y,
3 3
where x, y € R. (2 marks)
b Show the complex number z on an Argand diagram. (1 mark)

@ 5 The complex number z is such that |z| = 7 and argz = % Find = in the form p + 41,
where p and ¢ are exact real numbers to be found. (3 marks)

@ 6 The complex number z is such that |z| = 5 and argz = —4—;. Find z in the form « + bi,
where ¢ and b are exact real numbers to be found. (3 marks)
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Argand diagrams

You can use the following rules to multiply complex numbers quickly when they are given in
modulus-argument form.

m For any two complex numbers z, and z,, @ v ltioly th duli and
ou multiply the moduli an

* 2122 = zllz

add the arguments.
» arg(z,z) =argz, +argz,

To prove these results, consider z; and z, in modulus—-argument form:
z; =ry(cosé, +isinf,) and z, = ry(cosf, + isindy)

Multiplying these numbers together, you get

712, = 11(cos 6 + isinb;) x r;(cosb, + isinf,) Thi laststen cEthic worki
e last step o IS WOrKing

= ryr;(cosé, +isinf,)(cosf, + isind;) X i
makes use of the trigonometric

addition formulae:
= ryr;(cosf, cosds + icosh, sind; + isinfl; cost, — sinf, sin#;) sin(4 £ B) =sin4 cosB + cosAsinB

= 1y1,((cos 0, cos 0, — sin @, sin6,) + i(sin, coss + cosf, sinfy) 05 = B) =cosAcosB xsindsinB
« Pure Year 2, Section 7.1

= ry1,(c0s 6, cos b, + icosf, sinb, + isinf, cos b, + i2sind, sind,)

rirs(cos(@y + 6;) +isin(0, + 6,))

This complex number is in modulus-argument form, with modulus r,r, and argument 6, + 8,, as
required.

You can derive similar results for dividing two complex numbers given in modulus-argument form.

= For any two complex numbers z, and z,,

Za| _ |24l @ You divide the moduli and
Z2| 7 |2 subtract the arguments.

Z
. arg(z—:) =argz,—arg 7,

To prove these results, again consider z; and z; in modulus—argument form:

z1 =ry(cos )y +isinf,) and z; = rp(cos b, + isind) @ Explore multiplying and dividing O

complex numbers on an Argand diagram

Dividing z, by z, you get using GeoGebra.

z; rylcosO; +isind,)
22 ry(cosf, +isinb,)

riy(cosfy +isinfy) (cosf; —isinfy)
= X
rs(cos@, +isinfl,) (cosf, —isinfl;)

ri(cos @, cos@, —icosh, sinf, + isinf,cosl, — i¢sinf, sinb,) @ The last step of this

" ry(cosB,cosf, — icosB,sind, + isinf,cos @, — i2sinf,sin@,)  Working makes use of the
trigonometric addition formulae
ry((cosf; cos b, + sinf; sinb,) + i(sinf, cos @, — cos#, sindy)) together with the identity

r,(cos?é, + sin?4,) sin?f + cos2f = 1

! i s ¢ Pure Year 1, Section 10.3
= F—Z(z:cns(t’}1 —0,) +isin(@, - 0,))

"
This complex number is in modulus—argument form, with modulus '—l and argument #, — 65, as required.
2
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o St 5_) s L
Z = 3(005 B + isin B and 4(cos B + 1sin 12)
a Find: 12425 ii arg(zz,)

b Hence write z;z; in the form: i r(cos@+isinf) ii x+1y

a i |77 = 7|z For a complex number in the form
Iz = 3, |z5| =4 9 z=r({cosf +isiné), |z| = r
52| =3 x4 =12
W anging) =argz, +arg For a complex number in the form
w 73 T
arg 2 =5, aq 2 = 15 [y z=r({cos@+isinf), argz=10
A 5) = 5,, 4+ B EF T
i T2
b i 22 =rlcosf + isinf) = 12(cosg + isin %)-— 2,2, = ry15(cos (0, + 05) + isin (0, + 6,))

- ¥ s g W
ii 5052—0.5”1 2—1

225 = 12(0 +i(1)) = 12

I_ Evaluate cosizr- and sin%

27 . 2w
z 2(005 — 4+ 18in —) and z, = 3(003 — —1sin —)
1= 15 15 = 5 8
Express z; z, in the form x + iy.
Rewrite z, in the form z, = rlcos# + isinf): Watch out z, is not initially given in

modulus-argument form.

505(—&) = cO5 ﬁ and 5iﬂ(—g) —5in — '—|_
5 5 5 Use cos(=f)) = cosf and sinl=6) = =sin 0

_3 2w\ o f 2n
2z =o\een =) '5’”(' 5 — =, is now in modulus-argument form.

2 ¢ skl 2
2,25 = 2(.:05% - |5|n—5) ¥ 3(605(—%) - |5|n(—?w)) Apply the result
=2 x 3(60‘5( ﬁ) + t5!ﬂ( U§ 27‘—)) S 212, = ryrp(cos(f; + 0;) + isin(0; + 6,))

15" 5 575
= 6(605(-%) - i5in(-%))
§ 6(% * '('?3)) Apply cos(~T) =2 and sin(~ T = _g
=3 - 3\-‘3|
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Argand diagrams

w
-.f2(cos—+1sm—)

12 12

Express in the form x + iy.

2(003—?? + isin—w)
6 6
Both numbers are in modulus—

argument form, so you can divide the
2( S 5?r) moduli and subtract the arguments.

6
V2 = s o g S
- ?(“’5 (E B E,) & '5‘”(5 e )) Simplify.
_VZ(__( 3\, . (3« F
= > (CDE (- 4 ) + IE}IH(— 4 ))
Apply cos( —31)———]—and
_V2 ( £ ( 1 )) 4" 2
- —+i|-
2\ V2 /2 Sm( 3:-'r) o
. =i il
=% 2
1 For each given z; and z,, find the following in the form r(cos# + i sinf):
|22, ii arg(z,z,) iii z,z,
az —5( os£+i ins.—ﬁ) z —6( os?—ﬂ+isin7—w)
= C 8 S 8 w =3 C 8 8
b I2((:05—+1sm ) 4 2(0053—T+ lsin?’—ﬁ)
S~y 38 3';*" 4 & o
2 Givenz, = S(COS?W +1isin ?W) and z, = 4((:05TTr + isin %—) write down the modulus and
argument of:
2 "
azz b - c z;
3 Express the following in the form x + iy:
a (cos20 + isin 260)(cos 30 + isin 30) b (cos:i;—1 + 1snn";’—1)(cos?—1 + ISIH?—?{)
T . - ST ) - W s W
c 3(cosz+ lSlnz) X Z(COSE+ 1smﬁ) d \.-6((:05 3 1sin 3) X \,f3(0053 + 1sin 3)
St .. 5w\ 1 57 S
¢ 4(COSF — 151 j) (COSI_S isin 1_8) m First make sure both
numbers are in modulus—
f 6(cos—~ +isin—=| x 5(cos—~ + isin 1(0052_71' - isinz—r) argument form
( 10 i0) % 5(cos3 3) %308 5 £ :
.. .. ™
g (cos4d + isin4f)(cosl — isinf) h S(COSE + 151115) x V2 (0055— isin 3)
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4 Express the following in the form x + iy:

: \-’E(COSE + isi11£) 3((:0:9.E +isin E) .
cos 50 + 1sin 56 2 2 3 3 cos 26 — isin 20
cos 26 + isin 26 l(cos£+isin£) 4( E_l_. ; 5_1r) cos 36 + isin 34
5 4 7 Cos~~ +isin~p
(®) 5 z=-9+3i/3

a Express z in the form r(cosf + isinf)), -x <0 =7 (2 marks)
b Given that |w| =3 and argw = % express in the form r(cosf + isinfl), - < ) = 7

iw i zw i (4 marks)

Challenge

By writing z = 1 +iy3 in modulus-argument form, show that:

a zi=k:z b Z=pz

where k and p are real constants to be found.

¢ Show z, z" and z* on an Argand diagram and describe the geometrical relationship between them.

m Loci in the Argand diagram

Complex numbers can be used to represent a locus of points on an Argand diagram.

m For two complex numbers z; = x; +iy,and 2, = X, + iy, |22 — 20] ™4
represents the distance between the points z; and z; on an
Argand diagram. 2

=X+i0):

Using the above result, you can replace z, with the general point z.
The locus of points described by |z — z;| = is a circle with centre 0 Re

(x4, ¥y) and radius r.
w Explore the locus of z, when O

Im .
1 ) |z = z,| = 1, using GeoGebra.
I=X+iy
Locus of points.
Every point z, on the circumference of the circle,
is a distance of r from the centre of the circle.
o Re

® Given z, = x, + iy,, the locus of point 7 on an Argand diagram such that |z - z,| =1,
or |z - (x, +iy,)| =r, is acircle with centre (x,, y,) and radius r.

You can derive a Cartesian form of the equation of a circle from this form by squaring both sides:

‘ le—z] =7 The Cartesian equation of a
(x —x) +i(y—y)l=r circle with centre (a, b) and radius r
(x=x)2+ (y=y)2=1r2 ——Since|p+qi| = pZ+¢* is (x —a + (y—-bF=r?

« Pure Year 1, Section 6.2
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Argand diagrams

The locus of points that are an equal distance from two different points z; and z; is the perpendicular
bisector of the line segment joining the two points.

Im A
z=x+1p
: Locus of points.
:E - .\,‘2 + |y2 = : . 2
Every point z on the line is an equal distance
from points z; and z,.
=X+
@ Explore the locus of z, when O
. |z - z,| = |z = z,|, using GeoGebra.
0 Re

s Given z,=x, +iy;and z, = x, + iy,, the locus of points 7 on an Argand diagram such that
|z = z1] = |z = 25| is the perpendicular bisector of the line segment joining z; and z,.

Given that = satisfies [z — 4| = 5,
a sketch the locus of z on an Argand diagram.
b Find the values of z that satisfy:
i both|z—4|=5and Im(z)=0 ii both|z—4|=5and Re(z)=0

|z = (xy + iyy)| = r is represented by a circle with

a |z - 4| = 5 is a circle with centre (4, Q)
centre (x,, y,) and radius r.

and radius 5.

Im A

Sketch a circle with centre (4, 0) and radius 5 on
an Argand diagram.

Pl e
Q
'&n{

b i Im(z) = O represents the real axis. Centre of circle is (4, 0) and radius is 5.
The points where the circle cuts the ——— Soconsider4+5=9and 4 -5=-1.
real axis are (=1, O) and (2, Q).

The values of z at these points are m Give your answers as complex

z=—tlandz=9. numbers, not as coordinates.
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The maximum value of arg z is the angle 04

makes with the positive real axis.

r The line OC bisects the angle AOB.

Problem-solving

When solving geometrical problems like this

one, it is helpful to draw an Argand diagram. The
maximum value of arg(z) occurs when the line
between the origin and P is a tangent to the circle.

Im A
A
C
i 5 + 3i
Y
0 :f; 5 B Ré
o

Using triangle OFBC:

0\ _3
tan(E) =5
b 23rctaﬂ(%) = 1.08 rad (3 5.1)

L Use circle properties. OB is perpendicular to BC,
and triangles OBC and OAC are congruent.























































































































































































































































































































































































































































































































































































































































































